Solutions of Assignment 5

Q1. Forany i € I, as f; are family of convex functions defined on X — [—o00, +00], so we

have for any =,y € X', and A\ € (0, 1), we have

fildz + (1= Ny) < Afiz) + (1= X) fi(y)

Put f := sup,.; fi, then we have f; < f forall ¢ € I. So, by fixing ¢ € I but arbitrary,

then we have

fi Qa4+ (1= Ay) < Mi(z) + (1= N fily) < Af(2) + (1= A [f(y)

So, we have

M (@) + (1 =A)f(y) = sup fi(Ax + (1 = A)y) = [ (Az + (1= N)y)

iel
Thus, this proves that f = sup,.; f; is convex.

k

Q2. (a) Since fi, ..., f are convex functions, so for any z,y € ﬂ dom(f;) and A € (0,1),
=1
we have

fi ()\l’ + (1 - A)y) < )\fz(x) + (1 - /\)fz(y)> Vi€ {17 R k}

Multiplying w; > 0 on both sides yields

Taking summation on both sides for ¢ from 1 to k£ will give

k
szfz A+ (1= Ny) <Y Qwifilx) + (1= Nwifi(y))
i=1

- Azwifi($) +(1=A) Zwifi(y)
fAz 4+ (1 =Ny) < Af(x)+ (1 =N f(y)

This proves f(x Z w; f;(x) is a convex function.
(b) Put h := max(fi, f2). Then, for any z,y € RN and 0 < ) < 1, we have
h(Ax+ (1= XNy) =max{fi Az + (1 = Ny), fo(Ax+ (1 =Ny}
Since f1, f> : RY — R are convex, so

fi(QAz+ (1= Ny) < M) + (1 =N fi(y)
fo Az + (1= Ny) < Afa(z) + (1= A) fa(y)
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Taking maximum on both sides, we have
hAz + (1= Ny) =max{fi Az + (1 —=Ny), fa(Az+ (1 —N)y)}
<max {Afi(z) + (1 = A) fi(y), A\fa(z) + (1 = A) f2(y)}

and as A € (0, 1) is a constant thus

max {Afi(z) + (1 = A) fi(y), AMfa(z) + (1 = A) f2(y) }
< Amax{fi(z), f2(z)} + (1 = A) max {fi(y), f2(y) }
= Mh(x) + (1 = N)h(y)

This proves that h := max(fi, fo) is convex.

Q3. Yes, the implication is true. The proof is proceeded as follows:
Strong Convexity = Strict Convexity:
Suppose f is strongly convex, then there exists a constant p > 0 such that for any z,y €
RY and \ € (0, 1), then

FOw (1= X))~ 2+ (L= Nyl < A7)~ 22l + (1 A ) - S

Now, we discuss
p Ap (1=Np
SlAz+ (1~ Nyll* - 7!\»"3H2 - TH?JHQ
p
b (2] 4 201 = X) (2, ) + (1= A)?[lyll* = Allz ]I = (1 = X)[ly[|?]
P

= 2 A= Dzl + 201 = A) {2, ) + M2 = DIyl
:eﬁ%:ﬁumw+zmwwwmﬂ

< O el =2yl + 11 A= 1) <0 and (a9} > o)
= 2= - e

<0

Thus, this follows that

F O+ (1= X)) < M) + (1= M) + 2l + (1 - Wl = 22— L2y
< M)+ (1= V()

so f is strictly convex.
Next, to prove that Strict Convexity = Convexity:
Suppose f is strictly convex, then for any z,y € R" and A € (0, 1),

fQz+ (1 =Ny) <Af(z) + (1 =N f(y)

and this is equivalent to

fOz+ (1 =Ny) <M(x)+ (1 =Nf(y)

and this completes the proof.



